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ABSTRACT: Using a multidimensional cut-off technique, we obtain expressions for the cut-
off dependent part of the vacuum energy for parallelepiped geometries in any spatial di-
mension d. The cut-off part yields nonrenormalizable hypersurface divergences and we
show explicitly that they cancel in the Casimir piston scenario in all dimensions. We ob-
tain two different expressions for the d-dimensional Casimir force on the piston where one
expression is more convenient to use when the plate separation a is large and the other
when a is small (a useful a — 1/a duality). The Casimir force on the piston is found to
be attractive (negative) for any dimension d. We apply the d-dimensional formulas (both
expressions) to the two and three-dimensional Casimir piston with Neumann boundary con-
ditions. The 3D Neumann results are in numerical agreement with those recently derived in

frXiv:0705.0139 using an optical path technique providing an independent confirmation

of our multidimensional approach. We limit our study to massless scalar fields.
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1. Introduction

With idealized boundary conditions, such as Dirichlet and Neumann boundary conditions,
vacuum energy calculations have cut-off dependent terms that diverge in the limit as the
cut-off A tends to infinity. These divergences can be classified as either bulk (volume)
divergences or lower-dimensional surface divergences (for simplicity, all divergences besides
the volume divergence will be classified as hypersurface or simply surface divergences re-
gardless of the dimension). The volume divergence poses no problems since the Casimir
energy, by definition, is obtained after subtracting out the volume divergence from the
vacuum energy. In other words, the volume divergence is renormalizable and can be set to
zero by simply adding a constant counterterm to the Hamiltonian. In contrast, the surface
divergences are nonrenormalizable. It is tempting to throw out the surface divergence as
an artifact of idealized boundary conditions and retain the finite part as the true Casimir
energy as is often done in the literature (see references in []). However, this is not a phys-
ically valid renormalization procedure. It has been shown that these surface divergences
cannot be removed via renormalization of any physical parameters of the theory []-ff]. In
the zeta-function regularization technique, these surface divergences do not appear because



in effect they are renormalized to zero.! In special cases, like the parallel plate geometry
with infinite plates, this is not an issue because in the limit as A — oo the Casimir force
is finite. However, in any realistic situation where the plates are of finite size, the Casimir
force diverges in the limit A — oo.

Unambiguous Casimir calculations can be carried out with idealized boundary condi-
tions in the apparatus called the Casimir piston. A few years ago, Cavalcanti [§] showed
for the case of a two-dimensional (2+1) massless scalar field confined to a rectangular
region with Dirichlet boundary conditions that the Casimir piston can resolve the issue
of nonrenormalizable surface divergences that appear in Casimir calculations. A Casimir
piston contains an interior and an exterior region and Cavalcanti showed explicitly that the
surface cut-off terms of the interior and exterior regions canceled. He also showed that the
Casimir force on the piston is always negative regardless of the ratios of the two sides of the
rectangular region. This is in contrast to calculations that can yield positive Casimir forces
in rectangular geometries when the surface cut-off terms are thrown out and no exterior
region is considered (see references in [H]).

In this paper, we use a multidimensional cut-off technique [ff] to obtain exact expres-
sions for the cut-off dependent (A-dependent) part of the Casimir energy for a d-dimensional
parallelepiped region. In the limit A — oo, these yield nonrenormalizable hypersurface di-
vergences and we show explicitly that they cancel out in the Casimir piston scenario for
any dimension. We then derive exact expressions for the Casimir force on the piston in any
dimension d and use the invariance of the vacuum energy under permutations of lengths
to derive an alternative expression. When the plate separation a is large, an otherwise
long computation using the first expression becomes trivial using the alternative expres-
sion and vice versa when a is small (there is a useful @ — 1/a duality). As in two and
three dimensions, the Casimir force on the piston is attractive (negative) in any spatial
dimension d.

For the three-dimensional Casimir piston with massless scalar fields obeying Dirichlet
and Neumann boundary conditions approximate results were first obtained in [[] for small
plate separation. Exact results for arbitrary plate separation were then obtained for the
Dirichlet case in [§]. Exact results for the 3D Neumann (as well as Dirichlet) case were

recently obtained via an optical path technique [[12]. In [12], arbitrary cross sections,
temperature and free energy were also studied. We apply our d-dimensional formulas (both
expressions) to the 2D and 3D Neumann cases. The first 3D expression looks similar in form
to the one recently derived in [[Z] and is in numerical agreement with it. The alternative
3D expression converges quickly when a is large and though it is quite different in form
compared to the first expression or the one found in [[[J] it is in numerical agreement with
both of them. The 2D Neumann results are new and bring a completeness to the original
work of Cavalcanti [j] where the 2D Dirichlet case was considered. Before discussing the

literature on Casimir pistons for the electromagnetic case, it is worth noting that the
use of massless scalar fields in Casimir studies goes beyond theoretical interest and has

!Like dimensional regularization, zeta-function regularization goes beyond pure regularization and does
some renormalization.



direct application to physical systems such as Bose-Einstein condensates [[[§ —p(]. Higher-
dimensional scalar field Casimir calculations have also been carried out in the context of
6D supergravity theories [@]

For perfect-conductor conditions, the Casimir piston for the electromagnetic field in a
three-dimensional rectangular cavity was studied in [[f] and the Casimir force on the piston
was found to be attractive in contrast to results without exterior region where the force
could be positive. This was then generalized further in refs. [J]-[[Z] where the temperature
and free energy dependence was studied. It was shown in [IJ] that the Casimir force
between two bodies related by reflection is always attractive, independent of the exact
form of the bodies or dielectric properties and this was generalized further in [14]. It
has also been shown that Casimir piston scenarios can yield repulsive forces. The Casimir
piston for a weakly reflecting dielectric was considered in [[[§] and it was shown that though
attraction occurred for small plate separation, this could switch to repulsion for sufficiently
large separation. However, the force remained attractive for all plate separations if the
material was thick enough, in agreement with the results in [[f]. Two preprints [1§, [[7]
also discuss scenarios where repulsive Casimir forces in pistons can be achieved. Recently,
two independent groups [23, B3| have developed techniques for calculating Casimir forces
between arbitrary compact objects.

2. Cancellation of hypersurface divergences in the d-dimensional Casimir
piston

The expression for the vacuum energy F regularized using a multidimensional cut-off tech-
nique divides naturally into two parts: a finite part Ey and a cut-off dependent part
E(A) which diverges as the cut-off A tends to infinity. The expressions for E(A) and Ey are
derived in appendix A and are written in a compact fashion with the help of the ordered
symbol §gl...kj which was introduced in [f] and is defined below after the expressions for
E(A) are written. Our goal in this section is to show that for the Casimir piston scenario,
the hypersurface divergences of the interior and exterior regions of the piston cancel out
for any dimension d. By “cancel out” we do not mean that the cut-off dependent part of
the Casimir energy is zero but that it is independent of the plate separation a so that the
Casimir force on the piston has no cut-off dependence. In the next section we focus on the
finite part Fy and obtain explicit expressions for the Casimir force on the piston in any
dimension. We work in units where A=c=1.

The regularized vacuum energy for massless scalar fields in a d-dimensional box with
sides of arbitrary lengths Ly, Lo, ..., Lg obeying Dirichlet (D) boundary conditions is given

by (B.29) (as A — o0)
ED = EOD + ED(A) (2.1)

where Ej,, is the finite part for the Dirichlet case and Ep(A) is the cut-off dependent part



given by (A.13):

d m
1 m 1
ED(A) EW Z(—l)d+mm2m WT+1 F<ﬂ> Am+1 £g17---,km H Lkl
m=1

2 i=1
o s (2.2)
m=1

For the case of Neumann(N) boundary conditions the regularized vacuum energy is given
by (B.20) (as A — o0)
EN = EON + EN(A) (2.3)

where Ej, is the finite part and En(A) is the cut-off dependent part given by (A.13):

1< b0 (m+1 o
_ mx d

=1 (2.4)

m+1 m+1
9d+1 m2tm F(T) A Sgl,---,km (L, - Ly, )-

In this section, the expressions for Ey,, and Ejp, are not needed.
There is an implicit summation over the integers k; in (2.3) and (R.4). The ordered
symbol 5%1 ko [H is defined by

égl,...7km - (25)

1 ifki<ke<...<kp;1<k,<d
{O otherwise .

The ordered symbol ensures that the implicit sum over the k; is over all distinct sets
{k1,...,kn}, where the k; are integers that can run from 1 to d inclusively under the
constraint that k1 < kg <---< ky,. The superscript d specifies the maximum value of k,,.
For example, if m = 2 and d = 3 then fgl,...,km = 51%1,@ and the non-zero terms are 12 ,
€13 and £23. This means the summation is over {k1,k2} = (1,2), (1, 3) and (2, 3) so that
5;?;1,;92 Ly, Ly, = Ly Ly + Ly L3 + Lo L.

2.1 Cancellation in three dimensions

Before showing how the cut-off dependent hypersurface divergences in the d-dimensional
Casimir piston cancel, we consider the case of three spatial dimensions first. Three dimen-
sions allows us to make the first non-trivial use of the d-dimensional cut-off expressions (P.J)
and (2.4) and to illustrate in a transparent fashion how the cancellation occurs. This paves
the way to follow the cancellation in d-dimensions in the next subsection. The cut-off
expressions in three dimensions and their cancellation in the piston scenario are in agree-
ment with the work in [fl, [[J] and this provides an independent confirmation of our general
formulas.



In three dimensions, the Dirichlet and Neumann cut-off expressions Ep(A) and En(A),
are obtained by substituting d = 3 in equations (2.3) and (R.4):

m—+1

3
1 m m ,_—5 m+1 m
Ep(A) = o Y (- mem g F<T>A ey ok Lk Li,)  (26)
m=1

T 9 2 4 3r2
= gA (L1+L2+L3)—ZA (L1L2+L1L3+L2L3)+TA Ly Ly L3

m—+1

3
1 m m+1\ ,,,
BV = 57 2 €ty (L L ym2n e 0 (P ) At (2.7
m=1

T 9 72 4 3n? 4
=§A (L1+L2+L3)+ZA (L1L2+L1L3+L2L3)+TA LiLyLs.

Except for a trivial redefinition of A — A/, the above cut-off expressions in three dimen-
sions are in agreement with those derived in [[J]. The A* term appearing in ([2-9) and (£7)
is multiplied by the volume L Lo L3 of the box and represent the volume divergence of the
continuum. This volume term poses no divergence problems since it must be subtracted
to obtain the Casimir energy (defined as the difference between the vacuum energy with
boundaries and the bulk vacuum energy of the continuum). In other words, it can be
renormalized to zero via a constant counterterm in the Hamiltonian. The remaining A2
and A3 terms are proportional to the perimeter and surface area respectively (we refer to
both as surface divergences for simplicity). In contrast to the volume divergence, there is
no physical justification for subtracting out the surface divergences. In other words, they
cannot be renormalized to zero.

For the Casimir piston, the Casimir energy is obtained by adding the vacuum energy of
the interior region I and exterior region II (see figure 1). To obtain the cut-off dependence
for the Casimir energy we therefore add the cut-off terms (the surface divergences) in
regions I and II. Let the plate separation be a.

In region I, the three lengths are L1 = a, Ly = b and L3 = ¢ whereas in region II the
three lengths are 1 = s —a, Ly = b and L3 = ¢. Note that in region I, L comes with
+ a whereas in region II, I; comes with the opposite sign —a. For Dirichlet boundary
conditions we obtain

EDpistOn (A) :EDI (A) + ED2 (A)

T w2
:§A2(a +b+c) — ZA?’(ab +ac+bc)
(2.8)

2
—i—%AZ(s—a—i—b—l—c)—%A?’((s—a)b—l—(s—a)c—l—bc)

i w2
:§A2(s+2b+2c) - ZAB’(sb—i—sc—i—ch)



s-a Region II S

a Region I b

Figure 1: Casimir piston in three dimensions.

and for Neumann boundary conditions we obtain

ENpiston (A) :ENI (A) + EN2 (A)
T w2
:gAQ(a +b+c)+ ZA3(ab +ac+bc)
x 2 (2.9)
+ §A2(S—a—|—b+c) —{—ZA?’((s—a)b%—(s—a)c—i—bc)
T, 9 2 4
:gA (s+2b+2c)+ ZA (sb+sc+2bc).
Both Ep ... (A) and En_ . . (A) have no dependence on the plate separation a. This is

due to a cancellation that has occurred between region I and II. The Casimir force on
the piston has therefore no dependence on the cut-off A (since the partial derivative with
A) and Ey

respect to a of Ep pismn(

piston( A) iS Zero)'

2.2 Cancellation in d dimensions

In a d-dimensional Casimir piston, the piston has d—1 dimensions and divides again the
volume into two regions: an interior region I and exterior region II. Without loss of gener-
ality, the direction in which the piston moves is chosen to be along the L; direction so that
region I and II share the same lengths except for Ly. It is therefore convenient to write
the Dirichlet and Neumann cut-off expressions (2.9) and (2.4) as a sum of two terms: one



that includes L; and another which is independent of Lq i.e.

d m
Ep(8) = gy 3o ()" m2nn " o (M) At (e, e, T
m=1 =2

m
+£g1,...,k2m H Lk‘z)

k171l =1
d
= ot Z(—l)d+mf( ) (Ll 3 ko, ,ka Ly, +§k1, ka Lk) (2.10)
kl?’ﬂ i=1

where f(m) = m2mr 2 [(ZtL) A™Fl The Neumann cut-off expression is given by

d
BV = g 3 10 (1 61, H Lot et I1 I ). ew

kl?’él 1=1

Let the plate separation be a. In region I, L; = a and in region II, L; = s — a (the piston
splits the length s into a and s — a along the L; direction) (see figure 1). To obtain the
cut-off dependence for the d-dimensional Casimir piston we need to add the contributions
from regions I and II:

EDion(A) = EDy (M) + Ep, (A) (2.12)

d m m
= =i Z d+mf ) <a fi kay....km H Lk¢ +§gl,___7km H Lki>

i=2 ki#1 =1

d m m
Z D™ f(m) ((3 —a) 5?, K2,k H Ly, + fgl,...,km H Lk¢>
i=2 k1#1 i=1

=1

d
:%Z D™ f( )(551/@7 kaLk +25k1 ka >

l\D

l\D
—_

k1Al
(2.13)
and
ENpiston (A) = ENI (A) + EN2 (A) (214)
d
1
= a1 Z f(m)<a & ko ,ka L, + &5 ,ka Lk)
m=1 ki#l =1
;A
+W2f(m)<5_a)£lkg kaLk +f/ﬂ ka >
m=1 k‘l;él i=1
1S
= 5@ > f(m) (8 7 koo H Ly, + 2521;1]%.;/?” H Lki) :
m=1 i=2 1 i=1

The cut-off expressions for the piston, Ep (A) and Ey

piston

biston (A), have no dependence on
the plate separation a. Their derivatives with respect to a is zero which implies that the
Casimir force on the piston has no cut-off dependence in any dimension d. The hypersurface

divergences have cancelled out in all dimensions in the Casimir piston scenario.



3. Casimir force formulas in the d-dimensional Casimir piston

Having proved the cancellation of hypersurface divergences in the d-dimensional Casimir
piston, we now focus on the finite (A-independent) part of the Casimir energy. The finite
part is conveniently expressed as a sum of two terms: an analytical term composed of a
finite sum over Riemann zeta and gamma functions and a remainder term R; composed of
infinite sums over modified Bessel functions (though convergence is reached after summing
a few terms). In appendix A we derive exact expressions for the finite part Ey, and Ep,
of the Casimir energy in d dimensions for Neumann and Dirichlet boundary conditions re-
spectively. In this section, we state these expressions and use them to obtain the Neumann
and Dirichlet Casimir force Fiy and Fp for the d-dimensional Casimir piston. In appendix
B we develop alternative expressions for the Casimir force (see discussion at the end of this
section).

The finite part of the d-dimensional Casimir energy for Neumann and Dirichlet bound-

ary conditions, Ey, and Ey,, is given by (A:21) and (A:2F) respectively:

Zd:le e ﬁ(PC'g—Q) S C(j+2)+RNJ.> (3.1)

2 L. \2
o 0 i1 Kj+1<271'n\/<£1%) _|_..._|_(gj k]) >
2 m m

=
FEm ;
27 4
n=1 {;=—c0 Lg 2 Ly .
ilzly--wj |:(£1L_n1> + -+ <£‘7L_n:i

R mww 0B )
2 L 2 % .

The prime on the sum in (B.9) and (B-4) means that the case when all £’s are simultaneously

(3.4)

zero ({1 =0y = ... ={; = 0) is to be excluded. There is an implicit summation over the k;’s
via the ordered symbol {y,  x; defined in (BH). Ry; and Rp; do not depend only on j but
are also a function of the ratios of lengths, for example Ry, = R, (L, /Lm, - - -, Lk; /L)
Therefore, the implicit summation over the k;’s applies also to Ry; and Rp,. For j =0,
Ry, and Rp, are defined to be zero and fkl,...,kj and ij are defined to be unity so that
5,65;_1__7,% (Li, - - Liy) / (L)’ ! = 1/Lg for j =0.



To obtain the d-dimensional Casimir energy in the piston scenario we need to sum the
contributions from region I and region II. In region I, let the length of the sides of the
d-dimensional parallelepiped region be aq,as,...,aq_1,a where a is the plate separation.
In region I, we label the lengths L; such that L; = a;, Ly = ag, etc. with Ly = a (Lg
is equal to the plate separation). In region II, the length of the sides are the same as in
region I except for the length a which is replaced by the length s — a. The d lengths are
s—a,ai,as,...,aq_1. For region II, we choose to label the lengths L; such that L1 = s —a,
Ly = a1, Lg = as,...,Lqg = ag_1. To calculate the Casimir force, we only need to keep
terms in the Casimir energy that depend on the plate separation a: in region I, this means
keeping terms with Ly = a and in region II this means keeping terms with L1 = s — a.

In region I, the a-dependent Casimir energy for Neumann boundary conditions is
obtained by setting m = d so that L, = Ly = a and setting Ly; = ay, in (B)):

Ay - - - O, 7+ 2 —j—4 ]
EONI - 2d+1 ngh, a‘—i—l <F< 2 >7T 2 C(]+2)+RIN].> (3.5)

with RIN]. given by

2 ag. \ 2
I 00 g+l Km(QWn\/fl% 4+t j% >
Riy, =2 Z/ S : < ) ( ,+1> . (36)

@ 2 211
=1 ¢;=— ag,
AT [(51%> +"'+<5j%) }

A word on notation: the Roman numerals I and IT will denote region I and II respectively

while j will be denoted via Arabic numerals 1,2, 3 etc. e.g. Rpy, means the remainder(R)
for Neumann(N) in region I with j = 1.

The finite part of the Casimir energy for Dirichlet boundary conditions in region I is
obtained by setting Lg = a and Ly; = ay; in (B.3J):

d—1 .
T agy - - - A, G+2\ s
Eop,, = 9d+1 Z(_ s gkh Ak laj+1 J <F< 2 )W = (G+2) +R1DJ‘> (3.7)
j=0

where Ry, is given by (B4):

(3.8)

Z 2 215
n=1 252:217*03 [(61%) _|_ + (f]%) :|

In region II, only terms with Ly = s — a contribute to the a-dependent Casimir energy.
We therefore consider only the cases when k; is equal to 1 so that Ly, = s — a. The rest
of the lengths (j > 1) are given by ij = aj;—1 SO that Lo = a1, L3 = ao,..., Ly, = Q1.
We are interested in an exterior of infinite length so that the Casimir force in region II is
calculated in the limit s — o0o. For Neumann boundary conditions, the case (j = 0,m = 1)



in (B.1) can be omitted because L,, = L; = s — a appears in the denominator and yields
a zero Casimir force in the limit of s — co. The cases 7 = 0, m > 1 can also be dropped
because they do not yield any terms with L; (with 7 = 0, the numerator is equal to unity
and with m > 1, L, # L1). In region II, the lower limit of the sums in (B.1]) therefore
start at j = 1 and m = 2 yielding the following Neumann energy (a-dependent part):

d m-l (s—a)a c.a
. d—m ko—1 k:j—l
Eoy, (a) = 2d+1zz2 51/792, (@1 )it X (3.9)
m=2j=1

s—a 2 ag;—1)2
00 OOI 271% K% 27Tn (elm) ++(£]anjl,1>
Ry, =), >, — - . (3.10)

— — 2 o 2 4
n=1 Zé:—103 [(51;,;_&1) 4ot <€jzz_;> ]

For Dirichlet boundary conditions, the case j = 0 can be dropped from (B.J) because it

with

does not yield any terms with L. The sum in (B.3) therefore starts at j = 1 and we set

Ly, =s—aand ij =a, with Lg = ag—_1:

= 1)d+i i1 (s—a)...ag— J+20 —i-a
EODH Z g1,...,/’91- (ag_1)i 1L IN( 5 )Tz ((j+2)+ RIIDj

(3.11)
with

| s—a 2 ap. 1 2
0o iy Qn? K% 2rn (&m) +"'+(€J ad71>

Rip, =Y > _— . (312)
n= 141:_00 a \2 ar,1\2] 4
53 (Baz2) o+ (5%5)

It is now straightforward to calculate the Casimir forces in each region. The Casimir

force contribution from region I for Neumann is

0E. (a J+1_[(74+2\ =ziza . OR;
P = =g 1 = deZ%H o) e (150 ) w7 e -
(3.13)

where Ry, is the remainder contribution given by

akl ...akj)

Ry = 2d+1 ngh ey En S (3.14)
The corresponding formula for Dlrlchlet are
oF,
FD[ = —%(]DI (315)

d—1 . .
I dbi ed1 j+1 j+2 —j=4 . OR;
= o SN ) LD (1) g gy - 2

,10,



with Ry, given by

(ak PN ak.)
RID = 5d+1 ( )d+j ékl, ok W RIDj : (316)

The Casimir force from the exterior region II is obtained in the limit when s tends to
infinity. For the Neumann case one obtains

FNH = — lim _EONH (a)

7r dm gm—1 hoot O (G2 Zima
=~ 2 2 el St r () e G+

™ d— 1 ko—1 "Y1 .
T d+t ) Z S W Ry (61=0) (3.17)

0
where we used the result? — limg_, 94 [(s —a) RIINJ-] :RHNJ_(fl =0). R[[Nj(fl =0) means
a
RIINj evaluated with £; =0. Note that the product a,__, ... - that appears in (B.17) is
identically equal to one for j=1 so that 51”,;21__ ky (T akj_l)/(am_l)ﬂl =1/(am-1)*
for j=1.

For the Dirichlet case one obtains

FDH = — lim _EODH

j=1 7 (aga)7*! 2
d—1
T di ak271...ak 1
T 5T (- et Kook W R, (61=0). (3.18)
j=2 -

The Casimir force Fy and Fp on the piston for Neumann and Dirichlet respectively
is finally obtained by adding contributions from both region I and II:

FN:FN1+FN11 ; FD:FD1+FD11- (3.19)

Eq. (B:19) together with (B.1J) and (B.17) for F, and Fi,,, and (B.15) and (B.1§) for Fp,

and Fp,, respectively constitute our final result for the Casimir force on the piston in d

dimensions.
The modified Bessel functions K ;+ ) that appear in RIN or RIDJ (egs. (B.6) and (B9))
converge exponentially fast if the plate separation a is the smallest of the d lengths because

0 .
%RIINJ' The first term yields

R (61 = 0) since the modified Bessel functions decrease to zero exponentially in the limit s — co ex-

. 0 . .
2 1lims— oo 5a [(s — a) RHNJJ = lims—oo RIINj — lims—o (s — a)

cept when ¢1 =0 (as there is no s dependence when ¢1 =0). The second term is zero because the derivative
of the modified Bessel functions with respect to a decrease exponentially to zero in the limit s — oo when
{1 # 0. When ¢, =0, RIINj no longer has any dependence on a so that its derivative is zero identically.

— 11 —



the ratios ay,/a that appear in the argument of the Bessel functions are then greater than
or equal to 1. Only a few terms need to be summed to reach high accuracy and the result is
also small in magnitude. This is why we can call R a remainder. However, RINJ- and RID]-
can converge slowly and be large if a is larger than the other lengths. In particular, the
large a limit when ay,/a << 1 would require a very large number of terms to be summed
before convergence is reached. By making use of the invariance of the vacuum energy
under permutation of lengths, we derive in appendix B alternative expressions that are
more convenient to use when the plate separation a is large. For Neumann and Dirichlet

they are given by (B.10) and (B.13) respectively:

alt ™ 0 al
Fat = STV _aaRth(fl #£0) (3.20)
and
a. a a
FAt = —%R,g(el #0) (3.21)

where Rflit(fl # 0) is given by (B.d) with (B.11)) and ng(ﬂl # 0) is given by (B.§)
with (B.14). The above compact formulas are applied in the next section in two and
three dimensions where one can see explicitly how they are used.

The ratio of lengths that appear in the argument of the modified Bessel functions
in (B.11) and (B.14) have a in the numerator (a/ay,) in contrast to our original expres-
sions (with ratio ay,/a). We have a useful a — 1/a duality: when a is large a long
computation with the original expressions can be trivial using the alternative expressions
and vice versa when a is small. The invariance of the vacuum energy under permutations of
the d lengths was used to derive the alternative expressions and the duality can be traced
to this symmetry. Note that regardless of the size of the plate separation a, we would want
to label the other d—1 lengths such that a1 > ao > ag > ... > agq_1 to reach the quickest
convergence.

The Casimir force on the piston is negative (attractive) in all dimensions for both
Neumann and Dirichlet boundary conditions and ranges from —oo (in the limit a — 0)
to 0 (in the limit @ — 00). The limit as a — 0 is easily determined using the original
expressions (B.19). In the limit @ — 0, Fy, and Fp, given by (B.1J) and (B.15) tend to
—1/a®™ ( OR;, /0a and Ry, /da tend to zero). Fy;, and Fp, have no dependence on a
so that Fiy = Fn, + Fn;; and Fp = Fp, + Fp,, tend towards —1/adJrl and hence —oo as
a — 0. To determine the limit as a — oo, it is easiest to use the alternative expressions.
As already discussed at the end of appendix B, Fd and F2!* given by (B.20) and (B:21)
tend to zero in that limit because the modified Bessel functions that appear in R?J{f (41 #£0)
(egs. (B.6) and (B.11)) and Rﬂg(fl #0) (eqs. (B.8) and (B.14)) decrease exponentially fast
to zero as a — oo (since ¢1 #0, when a — oo the argument of the Bessel functions tend to
infinity). The rapid decrease to zero can be seen in the two and three-dimensional plots of
the next section (figure 2 and figure 3).
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4. Application: two and three-dimensional Casimir piston for Neumann
boundary conditions

Exact results for massless scalar fields in the two and three-dimensional Casimir piston for
Dirichlet boundary conditions were first obtained in refs. [f, ] and recently exact results
for 3D Neumann (as well as Dirichlet) were obtained in [[[d). We apply our d-dimensional
formulas (both expressions) to the two and three-dimensional Casimir piston with Neumann
boundary conditions. The 2D Neumann results are new and fill a gap in the literature.
For 3D Neumann, our first expression looks similar in form to the one recently derived
in [[J] and is in numerical agreement with it providing an independent confirmation of our
results. Our alternative 3D Neumann expression looks quite different in form from the
first expression and yields the same numerical results but is more useful (converges more
quickly) at large plate separation a.

4.1 Two dimensions

In d dimensions the lengths of the parallelepiped are a,ai,as,...,aq_1 with a being the
plate separation. In two dimensions the lengths are then a and a; (we set a; = b so that the
geometry is an a X b rectangle). The Casimir force contribution from region I is obtained

by setting d = 2 in (B.13):

JH+1_(j+2\ =zi=a ORy
:__Z§k1,, (ak, - - ax;) 2 F<T>7T > ((+2) - 8aN

(4.1)
T CB3)b 10 =~=n1
=— — —— — —Ki(27mntb
48 a? 87Ta3+23an21; ¢ a 1(2mnb/a)
where Rp, is obtained from (B.14):
m b RN |
Riy =—5 — Riy, (b/a) = 522 7 - K (27ntb/a). (4.2)

Ry, (b/a) is obtained from (B.6) and means Ry, is a function of b/a.

The Casimir force contribution from region II is obtained by setting d = 2 in (B.17).
In the first double sum, there is only the term j = 1,m = 2 to consider. The second double
sum is zero (it is nonzero only starting at d = 3). We obtain the simple expression

¢(3)
Fyy == : 43
Na 16 7 b2 (4.3)
By summing Fy, and Fl, we obtain the Casimir force Fjy on the piston:
™ C(?’)b ¢(3 1 0 == 7 1
Fy = - P — —Ki(27ntb 4.4
N7 U48a? T 8mad 167162 2 0a EZZZ 7 g K12mn /a) . (4.4)

1¢=1

As an example, the above expression yields Fiy = —0.1342935575/b% for the case of a square
(a=0).
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Figure 2: Neumann Casimir force F' versus a/b where «a is the plate separation and b the second
side of a two-dimensional rectangular region. The force is in units of 1/b%. The force is negative
with magnitude decreasing quickly to zero as a/b increases.

An alternative expression F\#! for the Casimir force can be obtained via (B:20). For

d = 2 we obtain

alt __ d 0 alt
0o 0o 4.5
T 1 n
= — — —K!'(2
24a2+267;:1;£ 1( ﬂnﬁa/b)

where the prime on the modified Bessel function means partial derivative with respect to
aie K'(zr)= %K(Cﬂ) R?J{f(ﬂl #0) is obtained from the j=1, m=2 term in (B.§):

™ a alt

R{(0y #0) = —gp By, (L #0) = _QLbZ Z%Kl(%nm/b)' (46)

Rf]ffl (¢1#0) is obtained from the j=1, m=2 term in (B.11)).

The two expressions, ([4) and ([L.), yield the same value for the Casimir force on the
piston and are valid for any values of a and b. However, computationally, expression ([L.4)
is better to use when a is small (i.e. a/b<1), whereas ([L.§) is better to use when a is large
(b/a<1). This is the simplest case of the a — 1/a duality that was discussed last section.

The Casimir force on the piston is negative (attractive) and ranges from —oo (in the
limit @ — 0) to 0 (in the limit @ — 00). A plot of F' versus a/b (in units of 1/b?) is shown
in figure 2.
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4.2 Three dimensions

In d-dimensions we have the d lengths a,aq,as,...,aq—1 with a the plate separation. In
three dimensions the three lengths are then a, a; and as. For the three-dimensional Casimir
piston it has become customary to use a, b and ¢ for the lengths and we therefore set as = b
and a; = ¢. The Casimir force contribution from region I is obtained by setting d = 3

in (B13)

2 . .
om 741 7j+2 —i—4 .
Z@ch...,k (ary - ar;) " F<T> T C+2) - Ry,
(4.7)
wbc_(()(b—FC) T ,

— — - R
480 a* 167 a3 960> IV
where Rj, is given by (B.14) and (B.9):

c b 2¢c bc
iy == 5 | 5 Riv, (€/0) + 25 R (0/a) + 35 Ri, (e/8) + 25 iy, e/asb/a)]

a ! a b
3 3 (4.8)
n3/2 K3/2 <2ﬂ'n \/<€1_C> + (@) )
a a
3/4 )
= [(@)2 . (@)1
a a

Riy, (¢/a) means Rpy, is a function of ¢/a and the prime above the sum means that the

case ¢1=/05=0 is to be excluded from the sum.
The Casimir force contribution from region II is obtained by setting d = 3 in (B.17):

3 m—1 a ) v
m L R 742 —i-4 .
FNH = ——ZZ 23 51,@’ 7 (2a 1)j+11 F( 5 )77 2 C(]+2)
m= 2] 1 m—
16 b 7 R (1=0) (4.9)
e (B3)(1 ¢ XS fnb\ 32
N - - K3/9(2 lLc/b
14403 167T< +2b2> 403 ;;(fe) 3/2( mnlc/b)

where (B.1() with j=2 and m=3 was used to obtain

3/2
R]]N2 @1— = Z Z ( > K3/2(27T7”L€C/b) . (4.10)

n=1 ¢=1
The Casimir force Fy on the piston for Neumann boundary conditions in three dimensions

is obtained by summing Fi, and Fy,,:

o 72be  ((3)(b+c) T R
N7 48044 167 a3 96q2 v

e ¢(3) /(1 c nb\ 32
144003 1677( +2b2> 4b322< > Kso(2mnlc/b)

n=1 ¢=1

(4.11)
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Figure 3: 3D plot of Neumann Casimir force Fiy versus a/c and b/c. The force is in units of 1/c?.
The force is large and negative at small values of a/c and remains negative with its magnitude
decreasing quickly to zero as a/c increases. The value of b/c shifts the magnitude of the force
towards larger values as it increases.

where Ry is given by (£§) and R} = 0Rj,/da. Note that the third term in square
brackets in ([.§) depends only on b and ¢ and can be dropped when evaluating R’IN. For
the case of a cube (a = b = ¢), eq. ([L11]) yields F)y = —0.1380999/c?. As in two dimensions,
the force Fly is negative and ranges from —oo (in the limit a—0) to 0 (in the limit a — 00).
A 3D plot of Fiy versus a/c and b/c (in units of 1/c?) is shown in figure 3.

Our exact expression ({.11]) looks similar in form to the one derived in [[J] and is
in numerical agreement with it. Moreover, in the small a limit, RIIN is exponentially
suppressed (exactly zero in the limit a— 0) and when b = ¢, the second row in (f.11) yields
0.0429965/c? in agreement with the Neumann results in both [{f] and [[[J. This provides
an independent confirmation of our results.

An alternative expression F]\”}lt for the Casimir force can be readily obtained by sub-

stituting d = 3 in (B.20) and using (B.6) and (B.11):

al m 9 al
FNt:—m—%RINt(&%O)
= — T N OOE 2 ! 1 !
=~ 51 +;;4€ <CK1(27Tn€a/c) + bKl(anEa/b)) (4.12)
+i[£ii i n3/2K3/2(27m\/(fla/b)“r(fzc/b)Q)].
Oa| 4b3 v e [(ﬂla/b)Q—i—(sz/b)Q]?’/‘l

The prime above K denotes partial derivative with respect to a. Note that the sum over
/5 includes 5 =0 (since the sum over ¢, contains no prime above it). Equation (§.19) is
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our alternative expression for the exact Casimir force on the piston in three dimensions for
Neumann boundary conditions. It is valid for any values of the lengths a, b and ¢ and yields
the same Casimir force as the original expression (f.11)). However, in the argument of the
modified Bessel functions the plate separation a now appears in the numerator making the
alternative expression converge quickly for large a. A long computation with the original
expression when a is large can converge exponentially fast with the alternative expression
and vice versa when a is small. This is a nontrivial case of the a — 1/a duality already
encountered in two dimensions and discussed in general in the last section. Note that we
are free to label the base such that ¢ > b to obtain the best convergence.

5. Summary and discussion

By applying a multidimensional cut-off technique we obtained expressions for the cut-off
dependent part of the Casimir energy for parallelepiped geometries in any spatial dimen-
sion d and showed explicitly that nonrenormalizable hypersurface divergences cancel in
the Casimir piston scenario in all dimensions. We obtained exact expressions for the d-
dimensional Casimir force on a piston for a parallelepiped geometry with massless scalar
fields obeying Dirichlet and Neumann boundary conditions. As an example, we applied
the d-dimensional formulas to the 2D and 3D piston with Neumann boundary conditions.
The two main features of the Casimir piston originally mentioned by Cavalcanti [ff] for a
2D rectangular geometry, namely the cancellation of the surface divergences and the nega-
tive Casimir force on the piston, were shown here to hold in all dimensions d and for both
Dirichlet and Neumann boundary conditions. We obtained two different expressions for the
d-dimensional Casimir force. The Casimir energy is clearly invariant under permutations
of the d lengths of the parallelepiped. This symmetry is trivial but its application is very
useful: one can derive alternative expressions for the Casimir force that converge quickly
compared to the original expressions when the plate separation a is large.

It would be interesting to generalize our d-dimensional results to include arbitrary
cross sections and thermal corrections. For scalar fields in three dimensions this has been
recently considered in [@] via the optical path technique. The scalar field results were then
used to obtain the electromagnetic (EM) Casimir energies with perfect metallic boundary
conditions [[). It would be worthwhile to see how the 3D alternative expressions for
massless scalar fields derived here for Neumann and for Dirichlet elsewhere can be
modified to include thermal corrections. These could then be used to obtain 3D alternative
expressions for the thermal corrections to the EM case.

A. Cut-off dependent and finite parts of the regularized vacuum energy:
periodic, Dirichlet and Neumann boundary conditions

We consider a massless scalar field confined to a d-dimensional parallelepiped region with
arbitrary lengths L1, ..., Ly obeying periodic, Neumann and Dirichlet boundary conditions.
Our goal is to include the cut-off dependent and finite parts of the vacuum energy regular-
ized via a multidimensional cut-off technique [[f]. This appendix naturally divides into two
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parts. We first consider periodic boundary conditions and make use of formulas found in
section 2 and appendix B of [f]. In particular, we determine explicitly the d-dimensional
cut-off dependence in the expression for the regularized vacuum energy. In contrast to di-
mensional or zeta-function regularization, the multidimensional cut-off technique performs
no renormalization. The second part consists of finding the regularized vacuum energy for
the Dirichlet and Neumann cases. This is obtained by summing over the vacuum energy
of the periodic case.

The vacuum energy for periodic boundary conditions regularized using a cut-off A is
given by [{]

B n% n3 -2 72Tt 78 -\ 2zttt
Ep(d,)\):ﬂ' E ﬁ—i-—i-ﬁe 1 d:—ﬂ'a)\ E € 1 d
nj=—o0 1 d ni=—00
ZII, ..,d 1_17 7d
2 2 2
00 n 00 n n
STRENEIE Sl
= -0y |1+ e T4 e 1 2 4.
n1=—o00 ng=—00 N1 =—00
2 2
X0 Akt 1k d-1
+ E E e L d | =—7 g O\ Aj(N)
nNg=—00 N;=—00 7=0
i=1,...,d—1
where
2
A=Y Ye VEa o n i (A1)

n=—00 N;=—00
i=1,...,J

The prime on the sum over n means that n = 0 is excluded from the sum. The function
Ix A;(\) can be expressed in the following form [f] (in the limit A — 0)

Ly...L; . e A R VA A S
6AAj(A):17jL<2J+1aA/Z/O e Ny +Jdm1...dxj+Rj> (A.2)
n=1

(Lj+1)

where X = A/L;y1 and Ly...L; is a product of lengths i.e. ngl L;. This product is
defined to be unity for the special case of j = 0. R; is given by [f]

n=1ti=oo ™ [((1 L1)? + -+ 4 (4; L;)?] 0 %\ 2

(A.3)
Rj starts at j = 1 (it is zero for j = 0). The functions K;, )/, are modified Bessel functions
and the prime on the sum means that the case where all the ¢;’s are zero is excluded. Via
the Euler-Maclaurin formula, the integral term in the round brackets in ([A.J) can be
decomposed into a cut-off dependent term (which diverges as A — 0) and a finite term
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which is independent of the cut-off (see section 2 of [f]):

9i+l aX / T Gy L da (A.4)
J+2\ s . J oo iz g+l g+1 . i (7+2
:F<T>7T 2 C(]+2) + )\/j+1 2j7T 2 F(T)—W2j+1ﬂ'2r T
J+2\ —i-a . J oo izt (i+1 ;
:F<T>W T+ + P F<T> (Lypn) "t
)

Substituting (A.4) into ([A.), the regularized vacuum energy ([A.1) for periodic boundary
conditions is given by (as A — 0)

- Li..
EPLL Ly d, A WZ 1 j+1 |:
_|_

= (Lj+1)
d d+1
(L1 La) g7 27 r( 5 )
-7 C(?)) L1 T L1L2 R 7TL1 R 7TL1L2
T 6L, 27 L2 90 L3 7 R &
d d+1 d+1
+ i 2% 73 F<T>(L1...Ld) (A.5)

The notation EPL . (d, A) is a compact way of stating that the regularized vacuum energy
1 d

,,,,,

Ep is a function of the dimension d, the cut-off parameter A and the lengths L, ..., Ly.
The regularized vacuum energy for Dirichlet and Neumann boundary conditions can
be expressed as a sum over the periodic energies F, [§, P4]:

d
1 " ~
D - 2 Z + 1 " §k17...,]€m Ekal """ Ly, (m7 )\) (Aﬁ)
m:

where the plus and negative signs correspond to the Neumann (N) and Dirichlet (D) cases
respectively. 5,?1 .k, 18 called the ordered symbol and is defined by L]

Sgl,...,km = (A7)

0 otherwise .

{1 if hy <ko<...<kpm;l<kn,<d

The k;’s are positive integers that can run from 1 to a maximum value of d. The ordered
symbol & gl ..k, ensures that the implicit summation over the k;’s is over all distinct sets
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{k1,...,kn} under the constraint that ky < kg <---< ky,. The superscript d specifies the
PL AAAAA . (\,m) is obtained from ([A.H) by replacing d by m and

Ly by Lg,, La by Lk2, etc. When substituted into ([A.f) one obtains

d m—1 .
Lk Lk j+2 —j—4
_ d+ L J ; )
) mgz (+£1) mgk‘l km E : (Lys, )71 <F< 9 T2 ((j+2)+ R,

=0 j+1)

maximum value of k,,

d
1 m m41 m+1
2—§ (ED)Hm™ el (Lkl...Lkm))\mH M2 P<T>
m:
(A.8)

where R; is now the function (A.3) with L; replaced by Ly, , Lo by Ly,, etc. It is convenient
to define the function

Ly, - Ly, J+2\ zima .
,,,,, i (Lkﬁl) <P< 5 >7‘r 2 g(g+2)+Rj>. (A.9)

e
Ed
K
=
Il

Using (A.9) and rearranging the limits on m and j, we can express (A.§) in the following
compact form (we write out separately the Dirichlet and Neumann cases)

-1 d

~ -7

Ep = o1 Z (_1)d+m§g1,...,kmfjkl AAAAA - + Ep(A) (A.10)
7=0m=5+1

a1 d

_ J |

Ey = 2dT1 2 Z koo Fi 1, ksn + En(A) (A.11)
Jj=0m=j+1

where the functions Ep(A) and En(A) are the cut-off dependent terms for the Dirichlet
and Neumann cases respectively obtained from the second row in ([A.§) (we now work with
the cut-off A = 1/ instead of A so that the divergent limit A — 0 is replaced by A — oo
which is the more customary notation):

d
_ 1 § : d+m d m _mtl m+1 m—+
1< L (mt1
Ex(MN) = o7 £k1, 7 (Lpy - Ly ) m 27 17 F<T> AL (A.13)

Note that in ([A:11)) the limits on m and j in the double sum have been rearranged compared
to (A.g). We can decompose §g17___7km into a sum of two terms: fgl 1. §k17 e 1D
the first term, k,, is set to its maximum value of d and the implicit sum is over the remammg
k;’s with the maximum value of k,,—1 equal to d — 1 (hence the superscript d — 1). The
second term contains the remaining implicit summation with the maximum value of k,,
equal to d — 1 (hence there is a superscript d—1 in the second term as well). For the case
m = d, the decomposition yields only one term 551, £k17 ky_,.a T 0since kg can only
be equal to d.
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With this decomposition the sum over m becomes

d d
DoEDHER k= Y, EDTT et ] (A.14)
m=j+1 m=j+1

There are two separate cases to evaluate above: the plus sign (the Neumann case) and the
minus sign (the Dirichlet case). The Dirichlet case has already been calculated in [[LI§ and

the result is
d

D DTG, = DTG (A.15)
m=j+1

For the Neumann case one obtains

d
Z €k = i ki, ot (€ H1+£kl, 1) (A.16)

m=j+1
(gk‘h kit éh/ﬂ, ,]+2,d) (§k17 ok §k17 wkq— 17d)
Each pair of round brackets contains the sum of two terms which are equal. For example,

+ &= ). The fact that k;io is

ki1 k'h wkjv1,d J

equal to d in the second term is irrelevant since the summation over fj " in (A1)
AAAAA -~

consider the first pair of round brackets (£ gl

ends at k;i1 for a given j. Therefore, £k 4 is equal to £k17___ ...~ The same logic

skjtt, ki1
applies to the other pairs of round brackets. Equatlon ([A.16) reduces to a recursion relation

d d—1
d d—1
Z Ekrrfom 5k1, kjd T2 Z €k

m=j+1 m=j+1

(A.17)
fkl, kj d+2<§ kd1+22 5 )
m=j+1
Applying the above recursion repeatedly (another d—j— 2 times) yields
d d
d d—
Do = DL 2T (A.18)
m=j+1 m=j+1
With (A.1§), the double sum in (A.T1]) can be expressed as
T d m—1
d—m T d—m #m—1 )
2d+1 Z 2 £k17 Hkj,m fi kiookjig 2d+1 Z 2 £k17---7/€j fj kioookjm
J=0m=j+1 m=1 j=0
(A.19)

The function f; is given by (A.9) with k;+1 equal to m. Substituting (A.19)

K1,y kj, m
into (A.11]) yields our final expression for the Neumann regularized vacuum energy

En= Eoy + En(0) (A.20)
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where the finite part Ey, is given by

—r d m-l1 dem em—1  Lky--- ij j+2 —j-4
EON = 5d1 Z 2 gkh--.,kj (L )j+1 r 2 T2 C(J + 2) + RNJ‘ : (A'21)
. m
The function Ry; is given by (A.3) with Ly — Ly, Ljy1 — Ly, = Lin:

2 2
s Koo | 2mna ) (020) 4.+ 0. b
2n 2 = 1T, J T

) o0 ,
Bvy =) > — T (A.22)
n=1 £;=—o0 Ly, 2 Ly . 2 4
1 1 j
The Dirichlet case is obtained by substituting (A.15) in (A.10) yielding
. d—1
5 d+j ¢d—1
Ep = 9d+1 Z(_l) * Ehronk; 1 etoiyia T Ep(A). (A.23)
j=0

The function f; ~ is obtained by setting k;+1 equal to d in (A29) yielding the Dirichlet
o

regularized vacuum energy

Ep = Ey,, + Ep(A) (A.24)

where the finite part Ey,, is given by

d—1 .

Fop = or SO(—1yt gt ot (p(TE2) poit oy Ry )L (a2s)

O0p 9d+1 ki,....k; (Ld)j.H 9 J D; | - .
=0

The function RDJ- is given by (E) with L; — Ly, Lj+1 — ij+1 = Lg:

v Ly, 2 Ly, 2

Rp, = ZOO Z/ 2 n7T : — . (A.26)
n=1 li=—00 Ly, k.
ilzl,...,j |:(f1 L—;) 4+ <€].L_dj> :|

For j =0, Ry; and Rp, are defined to be zero and £k1,___,kj and ij are defined to be unity.

The final expressions for the regularized vacuum energy are (A.2() for the Neumann
case and (JA.24) for the Dirichlet case with the cut-off dependent parts Ep(A) and En(A)

given by (A.19) and (A.13) and the finite parts Ey, and Ep, given by ([A.21]) and ([A.2§)
respectively.

B. Alternative expressions for the d-dimensional Casimir piston

In section 3 we derived expressions for the Casimir force on the piston. In this appendix
we derive alternative expressions. This is accomplished by labeling the lengths L; in region
I differently compared to section 3. The Casimir energy is invariant under permutation of
lengths so a different labeling does not alter the value of the Casimir energy. However, the
different labeling leads to an expression with a different form.
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In section 3 we labeled the lengths L; in region I as L1 =aq,Les=a9,...,Lg_1=0a4_1
with Ly equal to the plate separation a. We now label L; such that L1 = a, Lo = a1, L3 =
as,...,Lqg = aq_1 so that L is equal to the plate separation. We do not change the labeling
in region II (i.e. L1 = s — a,Ls = a1, L3 = ag, etc.) so that we only need to obtain new
formulas for region I.

The expressions for the finite part of the Casimir energy are given by (B.1]) and (B.3) for
Neumann and Dirichlet respectively. We only keep the a-dependent terms and for region
I this means keeping only those terms with L; = a. For Neumann, (B.1) divides into two
sums: the 7 =0, m = 1 term where L,, = L1 = a appears in the denominator and all other
terms where L; appears in the numerator (this occurs when k; = 1 so that Ly, = a for
J > 0 with the other lengths given by Ly, = a;1). This yields (with “alt” as superscript
for “alternative”)

alt R, d—m Lkl"'ij J+2 —i=4 :
Eoy, (a) = - 2d+1222 §k177 (L )71 r 5 )T 7 C(Jj+2) + Ry,

m=135=0
¢ m-1 aa, . ...a
= gd=m R R B.1
24a 2d+1mz:2; i (@m—1)7 B0

X <I’<#> o C(7+2)+ Ralt>

with

j a 2 Okj—1 2
[e%) OO/ Qn%l K%l 2 n <€10«m—1> +...+<€jam_l)

Ralt _ Z Z . pES) (BQ)

14=— 2 an._1\2] 4
" 1= 1703 |:( aa_l) ++(£Jak_11):|

For Dirichlet given by (B.J), the case j =0 does not yield any L; terms so that it can be

dropped. L; = a appears only in the numerator via Ly, = a when k; = 1 (with the other
lengths given by Ly, = ay,;1). We obtain

IS

-1

l ™ dti ed—1  @OQko—1-.-0k;—1 j+2 4 .
By, (@) = gawr 2 (U 7 — e <P< ) 7T G+ ) + Ry
Jj=1 -

(B.3)
with

2
alt ! 2 B B
DI ) (B
n=1 {;=—o0 ¢ _a 2 g, %1 2174
i=1,.. 7] < 1ad_1> ++ < jad—l)
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The alternative expression for the Casimir force in region I for Neumann is

0
Ft = ~a Egy! (a) (B.5)
d m—1 ca,
_ d—m i
DY a2 2d+1m22]21 2 51 k27 Sk ( rrrl)jJrl )
. It
742 —i—4 . BRIaN
x| —— 2 2) —
( 5 >7T CU+2) - —-
where
lt d m-1 W Ay, oy
a m J a
- 2d+1 Z Z 2 éhl kz, ok (am—l)j+1 RINj : (B.6)
m=2j=1
The corresponding alternative expression for Dirichlet in region I is
0
FAlt = —— Fgl (a)
. g(_ dtj aszl---akrlr j4+2 —i1 (‘+2)_aR;LLl)t
T 9d+l ~ 51, kj (adfl)j"'l 9 ™ C(J a
(B.7)
where
i AQfy—1--- Q=1 o
alt _ d+j ¢d—1 2=1 %kl Hait
Riy = ar 1( DT € () i, - (B.8)
]:

To obtain the Casimir force on the piston we need to add the contribution from region
II: F,, and Fp, given by (B.17) and (B.1§) respectively. For Neumann we obtain

. aRalt d m—1 -G,
= — 2d m ) R 01 =0
24 a? Oa 2d+1mz:3;; €1k, k27 ok ( m_1)it1 IINj( 1=0)

where RHNJ_(El =0) is (B.10) evaluated at ¢; = 0. The above can be reduced to a more

compact expression by noticing that the ¢; =0 contribution to —(9Rflif /0a cancels out with
the last term in (B.9). The alternative expression for the Casimir force on the piston for
Neumann boundary conditions reduces to

a T a a
Pt — ~o1az ~ a2 B 186 #£0) . (B.10)

To evaluate (BI0) we exclude ¢; = 0 in (B.f) so that Rf given by (B.J) is evaluated
J

without including ¢; =0 i.e.
2 N2
o, it Ku<2m\/(fla;_l) ot (452 )

Jj+1

<f1anil>2 4ot <€]Zz:ill>2] *

(B.11)

— 24 —



Compared to (B.9), there is no longer a prime on the sum over ¢; and i starts with the
integer 2 instead of 1. For Dirichlet one obtains

QL
—_

OR r = ) Ay yee
D _q\d+j ¢d-1 2 J _
da 9d+1 2 (-1 €1 ko Tag RUDJ_(& =0)

It It
Fl% :Flsl] +FDH:_

<
Il
)

(B.12)
where Ry Dj(ﬁl =0) is (B.12)) evaluated at £; = 0. The above can also be reduced to a more
compact expression since the ¢; =0 contribution of —aR?Ilf /0a cancels out with the last
term in (B.19). The alternative expression for the Casimir force on the piston for Dirichlet

boundary conditions reduces to the simple expression

alt

alt aRID
Ft = ——2-(1,0). (B.13)

To evaluate (B.1J) we exclude ¢; =0 in (B§) so that R given by (B.4) is evaluated

Ip,
without ¢ =0 i.e.

i K-;l<2m\/(£1adﬁl)2+---+ @ akrl)Q >

ad—1
2 2 jjl
n=1 ¢1=14¢;=— ag.—1
R [(fl) +"'+(5Jﬁ”
(B.14)

Our alternative expression for the Casimir force on the piston for the Neumann case
is ¢ which is given by (B:I0) together with (B.) and (B:I1). For the Dirichlet case the
alternative expression is Fj3 which is given by (B.13) together with (B.§) and (B.14). It

is now trivial to see that in the limit as the plate separation a tends to infinity that the

Casimir force on the piston is zero since the modified Bessel functions and their derivatives
that appear in F}# and F2 via (B.11)) and (B:14) decrease exponentially fast to zero as
a tends to infinity.
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